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Abstract. Fix a Galois extension £ /F of totally real number fields such 
that the Galois group G has exponent 2. Let S be a finite set of primes 
of F containing the infinite primes and all those which ramify in £ , let 
£>£ denote the primes of £ lying above those in S, and let Og denote the 
ring of S^-integers of £. We then compare the Fitting ideal of KiiO^) as 
a Z[G]-module with a higher Stickelberger ideal. The two extend to the 
same ideal in the maximal order of Q[G], and hence in Z[1/2][G]. Results 
in Z[G] are obtained under the assumption of the Birch- Tate conjecture, 
especially for biquadratic extensions, where we compute the index of the 
higher Stickelberger ideal. We find a sufficient condition for the Fitting 
ideal to contain the higher Stickelberger ideal in the case where £ is a 
biquadratic extension of F containing the first layer of the cyclotomic Z2- 
extension of F, and describe a class of biquadratic extensions of F = Q 
that satisfy this condition. 
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I. Introduction 



Fix an abelian Galois extension of number fields S/F and let G be 
the Galois group. Also fix a finite set S of primes of F which contains 
all of the infinite primes of F and all of the primes which ramify in £. 
Associated with this data is a Stickelberger function, or equivariant L- 
function, Of/ F (s). It is a meromorphic function of s with values in the 
group ring C[G]. To define it, let p run through the (finite) primes of F 
not in S, and a run through integral ideals of F which are relatively prime 
to each of the elements of S. Also let Na denote the absolute norm of the 
ideal a and a a G G denote the well-defined automorphism attached to a 
via the Artin map. Then 



1iM= E n (i-i^'p- 1 )" 1 - 

a integral prime p^S 

(0,S)=1 

These expressions converge for the real part of s greater than 1, and 
the function they define extends meromorphically to all of C. When £ = 
F, the function 6>fy F (s) is simply the identity automorphism of F times 
Cp(s), the Dedekind zeta- function of F with Euler factors for the primes 
in S removed. 

The function 0f/ F (s) is connected with the arithmetic of the number 

fields £ and F in ways one would like to make as precise as possible. The 

ring of S'-integers O f of F is defined to be the set of elements of F whose 

valuation is non-negative at every prime not in S. Similarly, define the 

ring Of of ^-integers of £ to be the set of elements of E whose valuation 
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is non- negative at every prime not in Sg, the set of all primes of £ which 
lie above some prime in S. The function (p(s) may be viewed as the 
zeta-function of the Dedekind domain Op. 

We are interested in the "higher Stickelberger element" 9§/ F (— 1), 
which lies in Q[G] by the theorem of Klingen-Siegel [17], and is related 
to the algebraic K-group K 2 (0§). This group is known to be finite by 
[4] and [13], and could be called the S'-tame kernel of £. It contains 
the tame kernel K 2 {Oe) as a subgroup. Another piece of the arithmetic 
interpretation of #f/ F (— 1) involves a group of roots of unity. Let [i^ 
denote the group of all roots of unity in an algebraic closure Q of Q 
containing £, and let Q denote the Galois group of Q/Q. Define W 2 = 
W 2 (Q) to be the Z[£]-module whose underlying group is /U^, with the 
action of 7 G Q on uj E W 2 given by uj 1 = 7 2 (w). For any subfield L of Q, 
let W 2 (L) be the submodule fixed under this action by the Galois group 
of Q over L. Then W 2 (£) naturally becomes a Z[G]-module, where the 
action of G arises by lifting elements of G to Q and then using the action 
of Q just defined. One easily sees that the G-fixed submodule W 2 (£) G 
equals W 2 (F). We use the notation w 2 (L) = \W 2 (L)\, which we note is 
finite for any algebraic number field L. 

Vital to our approach is the conjecture of Birch and Tate (see section 
4 of [20]), which gives a precise arithmetic interpretation of (p(—l). We 
state a form of it for an arbitrary finite set S which is easily seen to be 
equivalent to the original conjecture for the minimal choice of the set S, 
containing just the infinite primes (see Corollary 3.3 of [16]). 
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Conjecture 1.1 (Birch-Tate). Suppose that F is totally real and the 
finite set S contains the infinite primes of F. Then 

Deep results on Iwasawa's Main conjecture in [11] and [22] lead to the 
following (see [8]). 

Proposition 1.2. The Birch-Tate Conjecture holds if F is abelian over 
Q, and the odd part holds for all totally real F . 

Kolster [7] has shown that the 2-part of the Birch-Tate conjecture for 
F would follow from the 2-part of Iwasawa's Main conjecture for F. 

For any module M over a ring R, we let Ann^(M) denote the anni- 
hilator of M in R. The following result is proved in [15, Thm 1.3]. 

Proposition 1.3. Let E/F be a relative quadratic extension of totally 
real number fields, with Galois group G. Let S contain the infinite primes 
and those which ramify in E/F . Assume that the 2-part of the Birch-Tate 
conjecture holds for E and for F . Then the (first) Fitting ideal of K 2 (O e ) 
as a Z[G]-module is 

Fit m (K 2 (O s E )) = Ann m (W 2 (E))9 s E/F (-l). 

More specifically, this ideal equals its extension to the maximal order of 
Q[G] if and only if it is not principal, and this happens exactly when E 
is not the first layer of the cyclotomic Z 2 -extension of F . Without the 
assumption of the Birch-Tate conjecture, the ideals Fit z ^ (K 2 (O e )) and 
Ann Z j£7j {W 2 {E))9 E J F {— 1) have the same extension to Z[1/2][G]. 



In this paper, we build upon Proposition 1.3, obtaining more general 
results which suggest a close relationship between Fitfy F (l) = Fit Id [ G ](K 2 (0§)) 
and the higher Stickelberger ideal Stick £: / F (— 1) = Annz[c] (W2(£))0§/ F (— 1), 
particularly when G has exponent 2. Here the theorem of Deligne and Ri- 
bet [3] guarantees that Stickf/ F ( — 1) is an ideal in the integral group ring 
Z[G]. 

Part of the motivation for this work is to compare the situation con- 
cerning K2(0§) and @§/ F {— 1), with that of the S'-ideal class group of £ 
and the Stickelberger element 6>f/ F (0). Non-triviality in the latter situa- 
tion requires that £ be a CM field and F be totally real. Then under the 
assumption of the Equivariant Tamagawa Number Conjecture, Greither 
[5] has recently obtained an equality of p-parts for odd primes p between 
an ideal built from Stickelberger elements, and the Fitting ideal of the 
Pontrjagin dual of the minus part of the ideal class group of S. Thus one 
might wonder whether the Pontrjagin dual should occur in our investi- 
gation. So far, it does not. Taking the dual does not affect the Fitting 
ideal in the case of a cyclic group G, so the case of a non-cyclic group is 
of special interest to us. Our results tend to demonstrate the naturality 
of not taking the dual. For instance, the property of the Fitting ideal of 
the S'-tame kernel with respect to change of extension field in Proposition 
2.4 seems to have no straightforward counterpart if the S'-tame kernel is 
replaced by its dual. Our main theorems provide relationships which do 
not involve the dual. However, these results are for groups of exponent 2. 
The situation may be different for groups whose p-part is non-cyclic for 
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some odd prime p. We obtain fairly close relationships between Fit £ / F (l) 
and Stick|y F (— 1), but do not investigate the comparison with the Fitting 
ideal of the dual of K 2 {Of), leaving this to the future. 

Of related interest is work of Barrett [1] comparing the image of 
Fit^fG] (K2k(Os)) in ^p[G], for each odd prime p and positive integer /c, 
with an ideal obtained using values of L-functions at the positive integer 
k + 1 and a p-adic regulator. Assuming the Equivariant Tamagawa Num- 
ber Conjecture and the Quillen-Lichtenbaum conjecture, he shows that 
the former ideal contains the latter. This result fits into the framework of 
Solomon's conjectures [19] for L-functions at s = 1. 

II. Comparisons in Towers of Totally Real Fields 

From now on, we assume that S is a totally real field. Let 1Z = 7L\G\. 
We will be considering abelian groups M whose operation is written mul- 
tiplicatively, and which possess a natural G-action and therefore become 
7£-modules. For a G 1Z and m G M, we will write m a for the action of 
a on m. If H is a subgroup of G, then Z[H] is a subring of 1Z, and we 
denote the augmentation ideal in Z[H] by Ir- Set G = G/H. Note that 
K/{I H )K = %[G}- 

Proposition 2.1 (Stickelberger ideals under change of extension 
field). If E is any intermediate field between the totally real fields F and 
E, andG = Gal(E/F) then Stick^/ F (— 1) equals the image o/Stickf/ F (— 1) 
under the natural projection map n from 1Z = Z[G] to 71 = Z[G]. 

Proof. It follows from [2, Lemma 2.3] that Ann Z [ G ] (VF 2 (^)) (respectively 
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Ann Z jQ] (W 2 {E))) is generated by all elements of the form a q — N q 2 (respec- 
tively cxq — N q 2 = 7r(cr q — N q 2 )) for prime ideals q not dividing W2{£) and 
the discriminant of £. Hence Stickf/ F (— 1) = Ann Z [G] (W"2(£))0f/ F (— 1) 
(respectively Stickfy F (— 1) = Ann z ^(W 2 (E))9^ F (—l)) is generated by 
all elements of the form (a q — N q 2 )#J^ F (— 1) (respectively (ff q -Nq 2 )^ F (-l)). 
Extend n by Q-linearity; the inflation property of Artin L-functions im- 
plies that 7r(#f/ F (— 1)) = #Jy F (— 1). Hence Stickfy F is generated by the 
elements n(a q - N q 2 )7r(#f /F (-l)) = 7r((a q - Nq 2 )(#f /F (-1))), and the 
result follows, since 7r is surjective. 

Remark 2.2. The proof of Proposition 2.1 easily generalizes to higher 
Stickelberger ideals for any non-positive integer —k. One replaces #f/ F (— 1) 
by Of/ F {—k) and W^^) by Wk+i(£), defined as those roots of unity 
fixed by the k + 1st powers of all automorphisms of Q over £. The 
Deligne-Ribet theorem is valid here as well to guarantee that this yields 
an ideal Stickf/ F (— k) of Z[G}. This ideal is expected to be related to 
Fitf //F (/c) = Fitg[G] (K2k(0§ )) (see [18]), although a closer relationship 
is expected upon replacing K 2 k{Of) by an appropriate etale cohomology 
group. In our case of k = 1, the two are known to be the same. 

Proposition 2.3. Suppose that £/E is an abelian Galois extension of 
totally real number fields with group H. Suppose also that S contains all 
of the infinite primes of E and the primes which ramify in £/E. Let 
Ih denote the augmentation ideal of 7L\H\. Then the transfer map from 
K 2 (0§) to K 2 (O f ) induces an isomorphism of Z[G]-modules 

K2(0!)/K 2 (0!) 1 " = K 2 (O s E ). 
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Proof. Under our assumptions on S, it follows more generally from Kahn's 
theorem of [6, 5.1] as observed in [9] that the transfer map from K 2 (0§) 
to K 2 {0%) has kernel K 2 (0§) Ih and a cokernel which is an elementary 
abelian 2-group of rank equal to the number of real primes of E which 
ramify in £ . Here that rank is zero, and the result is established. 

Proposition 2.4 (Fitting ideals of S-tame kernels under change 
of extension field). Suppose thatS/F is an abelian Galois extension of 
totally real number fields with group G, and E is an intermediate field with 
Gsl(E/F) denoted by G. Suppose also that S contains all of the infinite 
primes of F and the primes which ramify in £. Then Fitfy F (l) equals the 
image o/Fitf/ F (l) under the natural projection map tc from 1Z = Z[G] to 
K = Z[G]. 

Proof. From Proposition 2.3, we get 

Fitl /F (l) = Fi%(K 2 (0f )) = Fit^K 2 (Ol)/K 2 (OlY"). 
Identifying 1Z with 1Z/(I H )1Z, this becomes 

Fit n/ilH)n (K 2 (0§)/K 2 (0§y») = Fit n/(lH)n (K 2 (0§)/K 2 (0§) n ^). 

Now a standard property of Fitting ideals implies that this ideal equals 
the image of Fitf /F (l) = ¥\t n (K 2 (Of)) in K/(I H )K, and under our 
identifications, this corresponds to 7r(Fitf/ F (l)) in TZ, as desired. 

Theorem 2.5 (First Comparison Theorem). Suppose that S / F is an 

abelian Galois extension of totally real number fields with group G, and E 

is a relative quadratic extension of F in £ . If the Birch-Tate conjecture 
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holds for E and F, then Stick|y F (— 1) and Fitfy F (l) in Z[G] project to 
the same image in Z[Gal(E /F)]. Equality of the images mZ[l/2][G] holds 
unconditionally. 

Proof. Let G = Gal(E/F) and apply Propositions 2.1 and 2.3. The images 
of Stickf /F (-1) and Fitf /F (l) in Z[G] are Stick and Fitf /F (l), 
respectively. Proposition 1.3 completes the proof. 

Proposition 2.6 (Stickelberger ideals under change of base field). Suppose 
that T is an intermediate field between F and £ . Then 

Stickf^(-l) c Stickf /F (-1). 

Proof. This is a special case of the Corollary to the Main Theorem of [14] . 

Proposition 2.7 (Fitting ideals under change of base field). Suppose 
that T is an intermediate field between the totally real fields F and£ . Then 

Fitf /F (l) C Fitf /F (l). 

Proof. This is a direct application of a property of Fitting ideals for sub- 
rings which follows immediately from the definition. 

Theorem 2.8 (Second Comparison Theorem). Suppose that J- is an 

intermediate field between F and £ such that £ jT is of degree 2. If the 

Birch-Tate conjecture holds for £ and J 7 , then Fitf/ F (l) and Stickfy F (— 1) 

both contain Fitf/ F (l) = Sticky jr(— 1). Without the assumption of the 

Birch-Tate conjecture, the extensions of Fitf/ F (l) and Stickf/ F (— 1) to 

Z[1/2][G] both contain Stickf/^(-l). 
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Proof. Assuming the Birch-Tate conjecture, the equality Fitf/^l) = 
Stick!yjr(— 1) holds by Proposition 1.3. Apply Propositions 2.6 and 2.7 
to obtain the result. Without assuming the Birch-Tate conjecture, the 
proof goes through after extending ideals to the group rings obtained by 
adjoining 1/2. 

III. Comparisons in the Maximal Order S of Q[G] when G 2 = 1 

From now on we assume that the abelian group G has exponent 2, 
and order 2 m . Then £ is a composite of relative quadratic extensions of 
F, and S/F is what we call a multi-quadratic extension. In this 
non-trivial element x m the character group G of G must have order 2, 
and a kernel ker(x) of index 2 in G. We denote the fixed field of ker(x) 
by E x . It is a relative quadratic extension of F. For each non-trivial x, 
we fix an element r x E G which does not lie in ker(x). Then r x restricts 
to the non-trivial automorphism of E x /F. Denote the trivial character of 
G by xo- 

Each x is associated with an idempotent e x = ^K^2 ae GX( ~) <J ~ 1 £ 
Q[G}. The maximal order of TZ = Z[G] in Q[G] is S = ® x Ze x . Let I x 
denote the kernel of the natural map from TZ to lZe x = Ze x . It is easy 
to see that I x is generated by the elements a — x(cr) as a ranges over G. 
Note that as 7£-algebras, we have 

To simplify notation, we now set /cf(-E') = \K 2 {0%)\. For any 71- 

module M and a e TZ, let M a denote the submodule of elements anni- 
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hilated by a. For the relative quadratic extensions E x /F, we also set 
fcf (E x )~ = \K 2 (O s E J 1+Tx \ and w 2 (E x )~ = \W 2 (E X ) 1+Tx \. 

Proposition 3.1 (The Stickelberger element in a multi-quadratic 
extension). Assuming that the Birch-Tate conjecture holds for each E x 
and for F , we have 

„s i 



(-l)We§ /B .(-l) - ^±e + V (_i)I^I^W e 



x- 



Equality up to factors of 2 in each component holds unconditionally. 

Proof. This follows from standard properties of L-functions and an appli- 
cation of Proposition 1.2. See [16, Proposition 5.1] for more details. 

Lemma 3.2. Suppose that M is a finite IZ-module. Then ¥\t-ji{M)S = 
@ xed \M/I x M\Ze x . 

Proof. Note that 1Ze x = Ze x = Z. Then using standard properties of 
Fitting ideals and tensor products, we have 

Fit w (M)S = Fit 5 (M ® n S) = Fit 5 (M ® n (0 ft// x )) 

= Fit 0x ^ ex (0 x M// x M) = x Fit Zex (M/I X M) 

= 0jM// x M|Ze x . 

Lemma 3.3. Suppose that E is an extension of F contained in £ such 

thatS/E is a quadratic extension. Let r be a generator of Gal(£ / E) . Then 

as Z[G]-modules ; W 2 (S) /W 2 {£) 1 ~ T = W 2 (E) and W 2 (S)/W 2 (S) 1+T = 

W 2 (£) 1+r . Also \W 2 (S) 1+T \ = 2 (mod 4). 
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Proof. From the exact sequence 

1 -> W 2 {E) -> W 2 (£) ^ r W 2 (^) 1 - T -> 1, 

we see that the first pair of modules to be shown isomorphic indeed have 
the same order. Since W 2 (£) is a cyclic group, the isomorphism in question 
is now clearly induced by raising to the power |W 2 (£) 1_T |. The proof of 
the second isomorphism is similar. 

For the last statement, clearly \f—l G W 2 (Q) and hence r acts triv- 
ially on T- Thus ^/—T 1+T = v^— T 2 = -1^1. This shows that 
V~ T ^ W / 2(^)i+r, so 4f |W 2 (£)i +r |. However, |W 2 (£)i +T | must be even, 
as -1 G W 2 (£)i+t. 

Corollary 3.4. W 2 (£) /W 2 (£) Ix is isomorphic as aZ[G]-module to W 2 (F) 
when x = Xo an d t° W 2 (E x )i +Tx otherwise. 

Proof. The ideal I x is generated by the elements 1 — Oi for o~i running 
through a minimal set of generators of ker(x), together with, in the case 
°f X 7^ Xo, one element 1 + o m for a m = t x £ ker(x). Thus the result 
follows from successive application of Lemma 3.3 with 1 — r = 1 — o~i for 
% = 1, . . . , m — 1 followed by one more application with 1 ± r = 1 ± o~ m . 

Proposition 3.5 (Extension of Ann^(VF 2 (£)) to S). 

Ann n W 2 {£)S = w 2 (F)Ze XQ © x/x w 2 (E x )~Ze x . 

Proof. Since W 2 {£) is a cyclic group, and hence a cyclic 7£-module, 

knn n (W 2 (£)) = Yit n (W 2 (£)). 
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By Lemma 3.2, 

Fit n (W 2 (£))S = \W 2 (S)/W 2 (£yx\Ze x . 
Applying Corollary 3.4, we find that 

Ann n W 2 (S)S = w 2 (F)Ze Xo © 1 W 2 (E X ) 1+Tx |Ze x . 

For each positive integer j, let denote the jth layer of the cy- 
clotomic Z 2 -extension of F. It is cyclic of degree 2 J over F. Since 
G = Gal(£/F) has exponent 2, £ cannot contain F^ 2 \ For relative qua- 
dratic extensions E/F in £, the case where E = F^ (if this lies in £), 
tends to be rather special. For example, we will make repeated use of the 
following result. 

Proposition 3.6 (Cohomology of W 2 (E) and K 2 (O e ) for a rela- 
tive quadratic extension). Suppose that E/F is a relative quadratic 
extension of totally real fields, andr is the non-trivial automorphism of E 
over F. Let the finite set S of primes of F contain the infinite and ram- 
ified primes as usual. Let le/f '■ K 2 (O f ) — > K 2 (O e )i- T be the natural 
map induced by the inclusion of rings, with kernel hsi{i E / F ) and cokernel 
coker(t£/ F ). Then 

I W 2 (E)i_ T /W 2 (F) 1+T | = | W 2 (E) i+ T /W 2 (F) 1_T ] 

= \K 2 {O s E ) 1 - T /K 2 {O s E ) 1+T \ = \K 2 (O s E ) 1+T /K 2 (O s E ) 1 - T \ 

= \ ker(i E /F)\ = |coker(i£/ F )|. 

If E = F^\ then the common value of these quantities is 1; otherwise it 

is 2. In either case, W 2 (E)i_ T = W 2 (F) and |F 2 (C>f )i_ T | = \K 2 (O f )\. 
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Proof. See [15, Propositions 3.4, 2.2 and 2.3]. 



Lemma 3.7. Assuming the Birch-Tate conjecture for E x and F , we have 
w 2 {F)e X0 9 s s/F {-l) = ±k s 2 {F)e X0 

and for x^Xo, 

w 2 (E x )-e x e§ /F (-l) = ±kl{E x )-e x . 
Equality of odd parts holds unconditionally. 

Proof. (Adapted from [15, Lemma 7.2]) Using Proposition 3.1, we see that 

±w 2 (F)e Xo e§ /F (-l) = W2 (F)^^e X0 = k s 2 {F)e Xo . 
Similarly, and using Lemma 3.3 as well, we have 
±w 2 (E x )-e x e§ /F (-l) 

-\W(E) \K 2 {O s Ex )\ _ \W 2 jE x ^\K 2 ^%^ 

- i^^i+r^^ \k 2 (o f )\ e * \w 2 {E x y+T*\ \k 2 (o f )\ e *- 

At this point, we apply Proposition 3.6 to E x /F and obtain that \K 2 (Op) \ = 
\K 2 (0 Fx )i- Tx I, while the cohomology groups of K 2 (0 Fx ) and W 2 (Ex) 
over Gal(^ x /F) have the same order. The last expression now becomes 



W&i-rJ \K^\ \K 2 {Q% x )\ s 



All equalities are valid up to factors of two without the assumption of the 
Birch-Tate conjecture. 
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Proposition 3.8 (Extension of the Stickelberger ideal to S). Assuming 
the Birch-Tale conjecture for each E x and for F, Stickf/ F (— 1)<S is gen- 
erated as an S -ideal by 

kl(F)e X0 + k 2( E x)~e x . 

Without assuming the Birch-Tate conjecture, this element is a generator 
for Stickf /F (-l)<S[l/2] inS[l/2] =K[l/2]. 

Proof. Using Proposition 3.5, 

Stickf /F (-l)<S = 6§ /F (-l)Arnm(W 2 (£))S 

= e§ /F (-l)(w 2 (F)e X0 + ME x )~e x )S 

Xt^XO 

Since S = ©xZe x , it suffices to consider each component of Sticky , F (—1)S 
individually. Proposition 3.7 completes the proof under the assumption 
of the conjecture. For the unconditional part, note that the same proof 
applies in S[l/2] = J2 X Z[l/2]e x . 

Proposition 3.9 (Extension of the Fitting ideal to S). 

Fitf /F (l)<S = 1k s 2 {F)e X0 ® ®^Zk$(E x )-e x 

Proof. Lemma 3.2 gives 

Fit| /F (l)«S = \K 2 (0!)/K 2 (0§)^\Ze x . 

Since I Xo = Iq, while I x is generated by ^ker(x) an d 1 + t x for x ^ Xo, 
Proposition 2.3 allows us to deduce that 

K 2 (0§)/K 2 (0§yx° =K 2 {O s F ) 
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and 

K 2 (0§)/K 2 (0§y* = K 2 (O s Ex )/K 2 (O s Ex ) 1+ ^. 

Then consideration of the surjective mapping from K 2 (O e ) to its image 
under 1 + r x shows that \K 2 (O s E J \/\K 2 (O e J 1+ ^ \ = \K 2 (0 Ex )f +Tx \. 
This establishes the result. 

Theorem 3.10. (Third Comparison Theorem) Fitf/ F (l) and Stickfy F (— 1) 
extend to the same ideal in Z[1/2][G]. Assuming the Birch- Tate conjecture 
for F and for each E x , they extend to the same ideal in S. 

Proof. The second statement follows directly from Proposition 3.8 and 
Proposition 3.9. The first follows from these two by taking images in 
S[l/2] =TZ[l/2] =Z[1/2][G]. 

Lemma 3.11. Let p l be a positive power of a prime, and E be a totally 
real number field. Denote a primitive p f th root of unity by ui p t. For p 
odd, we have p t \w 2 {E) uj p t + uj~} e E. For p = 2, we have 

2 t |w 2 (E) u 2 t-i +u 2t -i e E. 

Proof. Ifp is odd a,ndp t \w 2 (E), then by the definition of w 2 (E), Gal(E(u) p t)/E) 
has exponent 2. However, this group contains complex conjugation and 
injects into the cyclic group (Z/p t Z) x : so is generated by complex conju- 
gation. Thus E contains the trace ui p t + u~t ■ Conversely, if E contains 
uj p t +cu~ t 1 , then E{uj p t)/E has degree 2, and p t \w 2 (E). The proof for p = 2 
requires just a slight modification (see [16, Lemma 7.2]). 

Corollary 3.12. Let p l be a positive power of a prime. 
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1. If p t \w2(£), then p t \w2(E x ) for some non-principal \. 

2. Ifp t \w2(£) andp l ~ x exactly divides 102(F) , then p\w2(E x ) for a unique 
non-principal x- 

Proof. We assume p is odd. For the proof when p = 2, simply replace t 
by t — 1 as appropriate, according to Lemma 3.11. 

1. Assume that p t \u>2(£). By Lemma 3.11, iv p t +<jJ~ t l G £. Thus F(u p t + 
0J~ t ) C £, which is multi-quadratic over F. Hence Gal(F(ccy + 
to~ t )/F) has exponent 2. However this group also injects into the 
cyclic group (Z/p t Z) x / ±1, so must have order 1 or 2. So F(uj p t +cu~t 1 ) 
is contained in a quadratic extension of F inside £, and hence lies in 
one of the E x . By Lemma 3.11 again, p t \w2(E x ). 

2. Let p l ~ x exactly divide W2(F). Then p t \w2(£) and so by part (1), 
p t \w2(E x ) for some x- By Lemma 3.11, we now have that F does not 
contain uj p t + E E x . Since E x /F is relative quadratic, we must 
have E x = F(uj p t + uj^ 1 ). However, this specifies E x , and hence x, 
uniquely. Lemma 3.11 then implies that p t \w2(E x ) for this x an d no 
other. The result follows. 

Lemma 3.13. Assume the Birch-Tate conjecture holds for F , each Ex, 
and £ . Then 

W2(£)/w 2 (F) Ji W2(E x )/w 2 (F) ■ 

Without the assumption of the Birch-Tate conjecture, equality holds for 
the odd parts. 
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Proof. Standard properties of Artin L-functions give 

c#(«) = cl(«) n l !/f(s,x) = c s f (s) n (cl>)/cf(«)). 

X#XO X#XO 

Setting s = — 1 and applying the Birch- Tate conjecture or just its proven 
odd part gives the result. 

Proposition 3.14 (The index of the higher Stickelberger ideal 
in a multi-quadratic extension). Assume the Birch- Tate conjecture 
holds for F, each Ex, and S. Let 5 = Sg/p = 2 if F^ 1 ' C £, and 5g/ E = 1 
otherwise. Then 

(K : Stick £/F (-1)) = \K 2 (O s )\ ^ 2(m _ 2r - 1+ ; • 

Without the assumption of the Birch- Tate conjecture, one has that 

(K:Stick§ /F (-l)) = 2 c \K 2 (0§)\ 

for some integer c. 

Proof. By Proposition 3.8, we have 

OS: Stickf /F (-l)S) = kl(F) J] k s 2 {E x )-. 

x/xo 

Applying Proposition 3.6, 

k$(E x )~ = \K 2 (O s E J 1+Tx \ = \K 2 (O s Ex )\/\K 2 (O s E J 1+ ^\ 

= S x \K 2 (O s Ex )\/ki(F), 



where 5 X = 1 if £ x = and 5 X = 2 otherwise. Hence 

(S : Stickf /F (-l)<S) = (2 2m - 1 /S)kl(F) J] \K 2 {0 S Ex )\/k S 2 {F). 

X#Xo 
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Using Lemma 3.13 then gives us 

(5:Stickf /F (-l) < S) = (2 2T "- | /,))|/v 2 (^)| 



/F {-1)S) - (2 /S)\K 2 (O e )\ W2{£)/W2{F) • 



Here, we claim that the term ^ x ^ x ° / Jw x \^^ - equals 1. For, if p l divides 

W2(£)/w 2 {F) M ' r 

the denominator, then p* divides the numerator, by Proposition 3.12(1). 
On the other hand, if p l divides the numerator, then it divides only one 
term in the numerator, by Proposition 3.12(2). Since W2(E X ) C W2(£), 
it is then clear that p f divides the denominator. We conclude that 

(S : Stickf /F (-l)<S) = (2 2m - 1 /5)\K 2 (O s E )\. 

A determinant calculation using the orthogonality relations for characters 
shows that 

Combining these clearly yields the result. Without the assumption of 
the Birch- Tate conjecture, all equalities hold up to powers of 2, and 
(Stick|y F (— 1)«S : Stickf/ F (— 1)) is also a power of 2 since Stickf/ F (— 1) = 
Stickf /F (-l)ft D 2 m Stickf /F (-l)S. 

IV. Biquadratic Extensions 

Now we assume that S/F is biquadratic, that is, m = 2. Denote the 
non-principal characters of G by xii Xii Xz-i an d the corresponding fields 
by Ei = E Xi . Also let ei = e Xi and = r Xi , restricting to the non-trivial 
automorphism of E^jF. More specifically, we will take t\ = t 2 fixing E3 
and T3 fixing E\. 
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Proposition 4.1 (Aimn(W 2 (£)) f° r a biquadratic extension not 
containing F^). Suppose that £/F is biquadratic, and that F^ 1 ' gt £. 
Then 

Ann n (W 2 (£)) = 

Zw 2 (F)e © ^ i<i< . < Z(w 2 (E i )-e i + w 2 (E j )- ej ) 

= (Ann n (W 2 (S))S)nn, 

of index 2 in Aiiiik(W 2 (£))S 

Proof. By Proposition 3.5, 

(Ann n W 2 (£))S = Zw 2 (F)e © ^Zw^E^'e,. 

This contains K\m-]z{W 2 {£)) , but cannot equal it, as it is not integral by 
Lemma 3.3. We will soon see that 2w 2 (Ei)~ G Aimji(W 2 (£)) . 

First let us show that w 2 (F)eo G AniiTi(W 2 (£)) . Here eo = \(1 + 
T3)(l + Ti), as we have specified that T3 fix We have seen that T G 
W^-F), and thus 4 | w 2 (F). Hence we may integrally express w 2 (F)eo = 
(1 + ts)(1 + ti)(w 2 (F)/A). Two applications of Proposition 3.6 then yield 

W 2 (£) e ° W2<yF ^ = W 2 (£) ( - 1+T3 ^ 1+Tl ^ W2( - F ^ 4 ^ 

= (W" 2 (£i) 2 ) (1+Tl)(ll,2(J!,)/4) = H/ 2 (^i) (1+Tl)(u,2(F)/2) 

= (W 2 (F) 2 ) W ^ F)/2 = W 2 (F) W ^ F) = 1 

This shows that w 2 (F)eo G Ann^V^^))- It should be clear that a 

similar computation using 4ei = (1+ts)(1—ti) will show that 2w 2 (Ei)~ei G 

AniiTz(W 2 (£)) : and by the same token, 2w 2 (Ei)~ ei G Ann^I^^))- 
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Finally we check that w 2 (E 1 )~e 1 + w 2 (E 2 )~e 2 G Ann n (W 2 (£)) . For 
this, note that we already know that twice this element lies in Ann^I^t^)) 
Hence it suffices to show that this element is integral and annihilates the 
2-part of W 2 {£). We have taken t\ = t 2 to be the unique non-trivial 
element fixing E3, that is, lying in the kernel of %3- Since w 2 (Ei)~ = 
w 2 {Ei)~ = 2 (mod 4) by Lemma 3.3, it follows easily that the element in 
question is a Z[G] -multiple of 1 — T\. Then by Proposition 3.6 applied to 
S/E s , we have W 2 (S) 1 ~ Tl = (W 2 (S)i +Tl ) 2 . Lemma 3.3 also implies that 
4 \ \(W 2 (£)i+ Tl )\. Th us the 2-part of (W 2 (S) 1+Tl ) 2 is trivial, and this 
completes the check. Of course, by symmetry we find that the other ele- 
ments obtained simply by permuting the subscripts of ei, e 2 and lie in 
Ann-ji(W 2 (£ )) as well. Thus the direct sum in the statement of the propo- 
sition lies in Ann R (W 2 (S)) C (Ann R (W 2 (S))S) n K ± Ann R (W 2 (S))S , 
and one can easily check that it has index 2 in AniiTi(W 2 (£))S . At the 
same time, (Ann^W^^))^) has index at least 2 in Ann R {W 2 {£))S ', 
and the conclusion follows. 

Corollary 4.2 (Stick|/ F (— 1) for a biquadratic extension not con- 
taining FW). Suppose that S/F is biquadratic, and that F^ <f_ S. As- 
sume that the Birch-Tate conjecture holds for F and each relative quadratic 
extension of F in £ . Then 



Stick| /F (-1) 



Zfc|(F)e o ©0 



l<i<j<3 



Z(fef(£; i )-e i + A;f(£; i )"ei) 

= (Stickf /F (-i)5)n(^| /F (-i)^), 
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Proof. We begin with the equality in Proposition 4.2 and multiply by 
#f/ F (— 1) to obtain a formula for Stick|y F (— 1). Note that #f/ F (— 1) is 
a non-zero divisor in Q[G] by Proposition 3.1. The result follows from 
Lemma 3.7. and the observation that the ambiguity in sign there affects 
the generators, but not the Z-module they generate. 

Remark 4.3. The idempotents in Corollary 4.2 have denominators equal 
to 4. However, known results such as [16, Cor. 6.3, Prop. 6.6] and 
Proposition 3.6 show that fcf (F) and the fcf (Ei)~ are multiples of 4. 

For any prime number p, let Z( p ) C Q denote the localization of Z at 
the prime ideal (jp). Similarly, if M is a Z-module, let M( p ) = M ®z Z( p ) 
be the localization of M at (p). Note that H(p) = Z( p )[G] C Q[G] and 
the intersection of these over all primes p is TZ. Also if I is an ideal of 1Z, 
then 7( p ) = ITZ( P ) is an ideal of 71 ( p ) and the intersection of these over all 
primes p is I. 

Lemma 4.4. If 

k 2 (o§) 1+Ti nK 2 (c|) 1+T3 ^ K 2 (c|)( 1+ri )( 1+r3 ) 

t/ien Fitf/ F (l) contains an element which is congruent to 
ki(E 3 )-e 3 = ki(E 3 )-^-^ (modl + ra). 

Proof. (Compare the proof of [15, Proposition 9.3]) Since AS C 7Z, Propo- 
sition 3.9 implies that 4/cf(£ 3 )-e 3 G Fitf /F (l). Thus k^{E 3 )~e 3 G 

Fitf/ F (l)( p ) for each odd prime p. It suffices to show that Fitf/ F (l)( 2 ) 

22 



contains an element congruent to k 2 (E 3 ) e 3 = k 2 (-E3) modulo 
(1 + r 3 ). By the properties of Fitting ideals, this reduces to consider- 
ing M = K 2 (0§) I ' K 2 {O s E ) 1+T ' i and showing that fcf (E 3 )~^ is in the 
Fitting ideal of M (2) over 72~ (2) = ft (2) /(l + r 3 ) = Z (2) [(ri)]. 

We claim that the cohomology group (M( 2 )) 1+ri /M ( ? 2 ^ Tl contains an 
element of order 2 under our hypothesis. We will establish this claim at 
the end of the proof. For now, we choose a minimal set of 72( 2 )-generators 
7^ for M(2)/M^ Tl . Equivalently, these are a minimal set of generators 
over 72.(2) /(l — Tl) — ^(2), that is, generators for this finite abelian 2- 
group. We may assume (see [15, Lemma 9.2)]) that this group is the direct 
product of the subgroups of orders di = 2 Ci > 1 generated by the 7 y i , and 
that 7? l/2 G (M( 2 ) ) 1+Tl / -^(2) Tl • Then FMi = l^(2)/M ( 1 - Tl |, which is 
the 2-part of |K 2 ((9f )/K 2 ((9f ^^^l = \K 2 {0% 3 ) / K 2 {O s E3 ) 1+ ^\ = 
\K2{Q% )\+ T3 I = k 2 (Es)~. Hence if we let D be the diagonal matrix of 
the di, then det(TJ) is associate to k 2 (E 3 )~ in Z( 2 ). We can therefore 
complete the proof by showing that det(7J)^4p- G Fi% (2) (M( 2 )). 

Now 72(2) is a local ring and 1 — T\ lies in the maximal ideal, so 

by Nakayama's lemma, the (arbitrarily chosen) inverse images 7^ G M( 2 ) 

of the 7^ generate M( 2 ). We know that 7^ G M^" Tl ; multiplying by 
7 (-di/2)(l-n) ghowg that 7 (di/2)(l+n) e M i-n j for each ^ Hence there 

is a matrix £? with entries in 72 2 such that D{^±) — B(l — n) is a 
relations matrix for the generators 7$ of M( 2 ). Furthermore, since 7/ G 
(M( 2 )) 1 , we may choose the first row of B to be zero, so that det(-B) = 



23 



0. The very definition of the Fitting ideal then gives us that 
5 = det(D(i±^) - 5(1 - ri )) G F% {2) (M (2) ). 

However, 

6 = 5 H- + — ) = + 

= det(D(l±^))+det(-25l^) 
= det(D)^-^ +det(-2S)i^ = det^)^! 



as desired. 

Finally, we prove the claim. Indeed, we will see that | (M( 2 )) 1+ /M^ Tl \ 
|K 2 (C|) 1+T1 nK 2 ((9f) 1+T V^2(<9f) (1+Tl)(1+T3) |. For this, note that the 
cohomology group Mi +Tl /M 1 ~ Tl over a group of order 2 must have ex- 
ponent 2. Thus it is isomorphic to (M( 2 )) 1+Ti /M^ Tl . We now compute, 
using K 2 (0§)/K 2 (0§) ( - 1 - T ^ = K 2 (<D Ea ) from Proposition 2.3. 

\(M {2) ) 1+ti /M^\ = \M 1+T JM 1 ~^\ = \M/M 1 -^\/\M/M 1+Tl \ 
= \K 2 {O s £ )/K 2 {O s E ) {l - Tl > 1+Ta) \/\M 1+T ^\ 

= \K 2 (O s E3 ) 1+T MK2(0!) 1+ ^/(K 2 (O s £ ) 1+ ^ nK 2 (O s £ ) 1+ ^)\ 

= \K 2 {O s Ea )-\ ■ \K 2 (0!) 1+ ^nK 2 (0!) 1+ ^\/\K 2 (O s £ ) 1+ ^\ 

At this point, let e{£/E$) = 1 or 2, according to whether or not £ = E$ . 

Standard properties of the transfer Tr£/ Es : K 2 (Of) — > K 2 (0 Es ) and the 

natural map ts/E 3 '■ K 2 {0 Ea ) — > K 2 {Of) induced by inclusion of rings 

imply that K 2 (0§) 1+Tl = t £/E3 (Ti £/E3 (K 2 (0§))). These maps are also 

24 



Galois-equivariant. In our case of totally real fields, Tr e/E3 (K 2 (0§)) = 
K 2 (0 Es ) by Proposition 2.3. We continue our computation with the use 
of these tools and Proposition 3.6. 

\K 2 (O s Es )-\ ■ \K 2 (Ol) 1+ ^nK 2 (0!) 1+ ^\/\K 2 (Ol) 1+ ^\ 

= e(S/E 3 )\K 2 (O s E3 )-\ ■ \K 2 (0§) 1+ ^nK 2 (O s £ ) 1+ ^\/\K 2 (0 E3 )\ 

= e(S/E 3 )\K 2 (Ol) 1+Ts nK 2 (Ol) 1+ ^\/\K 2 (0 E3 ) 1+ ^\ 

\K 2 (Ol)^nK 2 (Ol)^\ e(S/E 3 )\(c £/E3 (K 2 (Q E3 )))^\ 
|K 2 (C|)( 1 +-i)( 1 +-3)| ' \K 2 {O s E3 Y+^\ 

\K 2 (Ol)^nK 2 (Ol)^\ e(S/E 3 )\ L£/E3 ((K 2 (Q E3 ))^)\ 

\k 2 (o e )(^)(±+t3)\ ■ \K 2 (o E3 y+T*\ 

|K 2 (Of)(i+^)(i+-3)| ' |ker(^sljc a (0S,) 1+ ^)l 
We now show that the second fraction here is in fact equal to 1. So consider 

\^^£/e 3 \k 2 {o% 3 )^z)\ = \ ker ( l £/E 3 \, E3/F (K 2 (o s F )))\- From Proposition 
4.1, we know that \ker(i £/E3 )\ = e(£/E 3 ) < 2. When e(£/E 3 ) = 1 it is 
clear that \^(t £ /E 3 \, E3/F (K 2 (o F )))\ = 1 = e(S/E 3 ). When e(S/E 3 ) = 2, 
Proposition 7.1 of [15] shows that a non-trivial element of ker(t£/£ 3 ) is 
given by {— l,a} Es , for a E E 3 such that £ = E 3 (y/a). Since S/F is 
biquadratic, we may choose a G F. Then { — l,a}^ 3 = i E3 /p({—1,ci}f) G 
keT ( L £/E 3 \,, E3/F (K 2 (o F )))> which must then be of order 2 = e(£/E 3 ). 

Theorem 4.5 (Comparison Theorem for a biquadratic extension 

not containing F^). Suppose that S/F is biquadratic, and that 8 does 

not contain F^\ Then Fitf /F (l) D 2Fitf /F (l)«S = 2Stickf /F (-l)<S. 

If K 2 (<D§) 1+T i nK 2 (Cf) 1+T3 ^ K 2 (0§)( 1+T ^ 1+T ^ and K 2 (C|) 1+Tl n 

K 2 (0§) 1+T1T3 ± K 2 {O s £ ) i ~ 1+T ^ 1+T ^ , then either 

25 



a. Fitf /F (l) = Fitf /F (l)<S = Stickf /F (-l)<S D Stickf /F (-1), or 

b. Fitf /F (l) has index 2 in Fitf /F (l)«S = Stickf /F (-l)«S. Under the 
assumption of the Birch-Tate conjecture for F and the Ei, Fitf/ F (l) 
and Stickf/ F (— 1) then have the same index in TZ. 

Proof. By Proposition 3.9, Fitf/ F (l)5 is generated by \K 2 (Op)\e an d the 
/cf (Ei)~ei. We show that twice each of these elements lies in Fitf/ F (l). 

Put G3 = Gal(E 3 /F) and consider the projection 7r 3 from TZ = 
7j[G] to TZ = 7j[Gs], with kernel generated by 1 — t\. By Proposition 
2.4, 7r 3 (Fitf /F (l)) = Fit| 3/F (l). By Proposition 1.3 with E 3 + 
fcf (F)^±a and jfef (E 3 )~^ both lie in Fit| s/F (l). Thus fcf(F)±±a + 
(1 — Ti)pi and /c2(-E , 3)~^-j i + (l — t\)Pi lie in Fitf/ F (l), for some p\ and p 2 
in TZ. Multiplying by 1+t\ in TZ, we deduce that 2/cf (F)eo and 2/c 2 (-E , 3)~ es 
lie in Fitf/ F (l). A similar argument shows that 2/c| , (£ , 2 ) _ e2 € Fitf/ F (l) 
and 2/cf (Ei)-ei G Fitf /F (l). It follows that 2Fitf /F (l)<S C Fitf /F (l). 

Thus we may consider Fitf/ F (l)/(2Fitf/ F (l)<S) as an F 2 -subspace of 
the 4-dimensional space (Fitf /F (l)<S)/(2Fitf /F (l)<S). If it has dimension 
4, then Fitf /F (l) = Fitf /F (l)«S, and this is case (a). If it has dimension 3, 
then Fitf/ F (l) clearly has index 2 in Fitf/ F (l)£. This is case (b). Under 
the assumption of the Birch-Tate conjecture, Stickf/ F (— 1) also has index 
2 in Fitf /F (l)<S = Stickf /F (-l)<S, by Corollary 4.2 and Theorem 3.10. It 
follows that Stickf/ F (— 1) and Fitf/ F (l) have the same index in TZ. 

Under our additional assumptions, we now show by contradiction that 

V = Fitf/ F (l)/(2Fitf/ F (l)<S) cannot have dimension less than 3. For 

1 < i < 3 let Gi = Gal(Ei/F) and let <Sj denote the maximal order 
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in Q[Gi]. Propositions 2.4 and 1.3 imply that, for each i from 1 to 3 
inclusive, V projects onto Fit^./ F (l)/(2Fitf../ F (l)<Si), of dimension 2, 
generated by the images of k 2 (F)eo and k 2 {Ei)~ei. So V has dimension 
at least 2, hence exactly 2, and the projection is an isomorphism. Then V 
must contain exactly one non-trivial element whose eo-component is 0, and 
the three projections show that this element must be v\ = k 2 {E\)~e\ + 
k 2 (E 2 )~e 2 + k 2 (E 3 )~es- The subspace V also contains an element with 
a non-trivial eo-component, and by adding v\ if necessary, we see that V 
contains v 2 = k 2 (F)eo + k 2 (Ei)~ei for some i. For oi generating ker(xi) 
we now take images modulo 1 + c^, which amounts to projecting onto the 
two-dimensional space spanned by the ej for j ^ 0, i. Thus the image of 
v 2 modulo 1 + Oi is 0. The image of v\ modulo 1 + Oi has two non-zero 
components, and thus the image of V modulo 1 + cr^ does not contain an 
element with exactly one non-zero component. This contradicts Lemma 
4.4. 

Proposition 4.6 (Ann^(VF2(^)) for a biquadratic extension con- 
taining F^). Suppose that S/F is biquadratic, and that Ei = F^ C S. 
Then 

Ann n (W 2 (£)) = Z(w 2 (F)e + w 2 (E 1 )-e 1 + w 2 (E 2 )~e 2 ) 
© Z(w 2 (E 2 )-e 2 + w 2 (E 3 )-e 3 ) 

© Z2w 2 (F)e © Z2w 2 (E 1 )-e 1 

of index 4 in (Anri'ji(W 2 (£)))S 

Proof. As above, we take r 3 to fix E 1: and T\ = r 2 to fix E s . By Propo- 
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sition 3.5, 

kmv n {W 2 {£))S = Zw 2 (F)e © Q)Zw 2 (E t )- e z . 

As in the proof of Proposition 4.1, this contains, but does not equal 
Ann^I^^)), since w 2 (Ei)~ = 2 (mod 4) for each i, by Lemma 3.3. 
This time, two applications of Proposition 3.6 yield 

W 2 (£) e ° W2 ^ = w 2 (S) ( - 1+T3 ^ 1+Tl ^ W2( - F ^^ 

= (V^ 2 (£i) 2 ) (1+Tl)(u,2(F)/4) = W2(^i) (1+ri)(u,2(F)/2) 

= W 2 (F) W ^/ 2 = {±1}. 

Now we can see that 102 (-F)eo ^ Ann^M^^)), but 2w 2 (F)e G Ann-R.(W2(£)). 

Similarly, 2w 2 (Ei)~ ei G Ann^M^t^)), but w 2 {E^)~ei is not integral, so 

does not lie in Ann^W^^))- So far, we know that 2Ann 7? .(Vt / 2(£))5 C 

Ann w (W 2 (£)) C Ann^(W 2 (£))S. The proof that w 2 (E 2 )-e 2 +w 2 (E 3 )-e 3 G 

AniiTz(W 2 (S)) goes just as in Proposition 4.2, since we have observed that 

F^ (f_ £ and thus £ is not the first layer of the cyclotomic Z 2 -extension 

of Ei = F^\ Finally, to see that w 2 (F)eo + w 2 (Ei)~ei + w 2 (E 2 )~e 2 G 

Ann-ji(W 2 (£)), note that again we know that twice this element lies in 

Aimji(W 2 (£)) : and thus is suffices to see that this element annihilates the 

2-part of W 2 (£). Indeed, as 2w 2 (E i )-e l G kmv n (W 2 (£)) and 2w 2 (E l )- 

is 4 times an odd number for i > 1, we conclude that 4e^ annihilates the 

2-part of W 2 {£) for i > 1. After reducing modulo these known annihila- 

tors of the 2-part of W 2 (£), it suffices to show that w 2 (F)eo + 2ei + 2e 2 = 

w 2 (F)e + (1 — 7~i) annihilates the 2-part of W 2 {£). By Proposition 3.6 

and Lemma 3.3 again, W 2 (£) 1 ~ Tl = W 2 (£)i +Tl , whose 2-part is {±1}. 
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Thus if a; is a generator for the 2-part of W 2 (£), then cu 1_Tl = —1. At 
the same time, we know that cu e ° W2 ( F) = -1 since W 2 (S) e ° W2{F) = {±1}. 
Combining these shows that oj W2 ( F > eo+ ^ 1 ~ Tl ) = 1, as desired. 

It is easy to check that the ideal in the statement of the Proposi- 
tion is contained in Arnin(W 2 (£)) and has index 4 in Annft.(W / 2(£))5 '. If 
Ann75.(VF 2 (^)) strictly contains this ideal, it must be of index 1 or 2 in 
Km\- T i(W2{£))S and lie in 1Z. So indeed it must equal (Ann7?.(W2 (£))£) H 
1Z, which is of index 2 in K\m-Tz{W 2 {£))S as in Proposition 4.1. However 
W2{F)eo e (Ann^(H / 2 (£))<S) H 7?., while we have seen that ^(-F^eo ^ 
Ann-ft(W2(£)). The conclusion follows. 

Corollary 4.7 (Stickf / F (—l) for a biquadratic extension containing 

F^ 1 '). Suppose that 8 /F is biquadratic, and that E\ = F^K Assume that 
the Birch-Tate conjecture holds for F and each relative quadratic extension 
of F in S. Then 

Stickf /F (-1) = Z(kl(F)e + kl(E 1 )-e 1 + k%{E 2 )-e 2 ) 

© Z(kl(E 2 )~e 2 + kl{E 3 )-e 3 ) © Z2k 2 (F)e © Z2k 2 s (E 1 )~e 1 

of index 4 in Stickf //F (— 1)S 

Proof. We begin with the equality in Proposition 4.6 and multiply by 
9§/ F (— 1) to obtain a formula for Stickf / F (— 1). Again, #f/ F ( — 1) is a non- 
zero divisor in Q[G] by Proposition 3.1. The result follows from Lemma 
3.7 and the observation that the choice of signs there does not affect the 
Z-module generated. 
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Theorem 4.8 (Comparison Theorem for a biquadratic extension 
containing F^ 1 '). Suppose that S/F is biquadratic, and that E\ = F^- 1 ' . 
Then Fitf /jP (l) D 2Fitf /F (l)<S = 2Stickf /F (-l)<S and Fitf /F (l)/(2Fitf /F (l)<S) 
must be one of three ¥2-subspaces o/Fitf/ F (l)5/(2Fit|y F (l)<S) (We can- 
not say that all three occur). The bases for these subspaces are: 

a. {fcf(F)e + fcf(Ei)-ei, fcf(£ 2 )-e 2 , fcf(£ 3 )-e 3 } 

6. {fcf(F)eo + fcf(£i)- ei + fcf(£ 2 )-e 2 , k 2 s {E 2 )~e 2 + fcf (£ 3 )-e 3 } 

c. {/cf(F)e + A;f( J Bi)-ei, fcf (£ 2 ) _ e 2 + fcf (£? 3 ) _ e 3 } 

./Vow; assume that the Birch-Tate conjecture holds for F and each E^. 
If case (a) occurs, Stickf/ F (— 1) lies in Fitf/ F (l) with index 2. If case 
(b) occurs, Fitf/ F (l) = Stickf/ F (— 1). If case (c) occurs, Stickf/ F (— 1) 
and Fit| /F (l) have the same index in K. If K 2 (0§) 1+Tl n K 2 {O s £ ) l+T3 ^ 
^2(Cf) (1+Tl)(1+T3) , then case (c) does not occur. 

Proof. Again by Proposition 3.9, Fitf/ F (l)<S is generated by \K 2 (Op)\eo 
and the k 2 (Ei)~ei, and we show that twice each of these elements lies in 
Fitf /F (l). The proof that 2fcf(F)e , 2k 2 {E 3 )~e 3 and 2k 2 s {E 2 )~e 2 lie in 
Fitf/ F (l) goes just as in Theorem 4.5. 

For E± = F^\ Proposition 1.3 gives fcf (F)^±a + fcf (Fi)"^ G 
Stick| i/F (-1). We obtain fcf (F)±±^ + fcf + (1 - r 3 )p 3 G 

Fitf /F (l), and multiplication by 1 + r 3 gives 2/cf (F)e + 2fcf (£' 1 ) _ ei G 
Fitf/ F (l). As we already know that 2k 2 (F)eo G Fitf/ F (l), we conclude 
that 2k 2 s (E 1 )~e 1 G Fitf /F (l) 

We now consider the images of the F 2 -subspace Fitf/ F (l)/(2Fitf / F (1)S) 
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of the 4-dimensional space (Fitf/ F (l)<S)/(2Fitf/ F (l)<S) under projection 
onto certain 2-dimensional subspaces. So the kernels of these projections 
are 2-dimensional. Let 1S3 denote the maximal order in Q[Gy. According 
to Proposition 2.4 and Proposition 1.3, projecting via n 3 maps the sub- 
space onto Fit E3 / F (l)/ (2Fit S3 / F (l)c>3), of dimension 2, generated by the 
images of \K 2 {Op)\e G and \K 2 {0% 3 )i +T:} |e 3 . So our subspace in question 
has dimension at least 2. On the other hand, projecting via 7Ti yields a 
one-dimensional image spanned by the image of k 2 (F)eo + k 2 (Ei)~ei, 
according to Proposition 2.4 and Proposition 1.3, since E x = FW. The 
kernel has dimension at most 2. So if our subspace has dimension 3, it 
must be that it contains the kernel of the projection induced by 7Ti, as 
well as k 2 (F)eo + k 2 {Ei)~e\. This results in case (a). 

If our subspace is 2-dimensional, it contains just one nontrivial ele- 
ment of the kernel of the projection induced by tt\. If this element is not 
k2(E 2 )~e 2 + k 2 (E 3 )~es, then the projection of this element via n 2 or n 3 
will be and the image of our subspace will be 1-dimensional. We have 
already seen that this is not the case for its, and hence likewise for tv 2 . So 
our subspace must contain k 2 (E 2 )~e 2 + k 2 {Es)~es, which is congruent 
to modulo 1 — T3, and it must also contain an element congruent to 
/cf (F)eo + /cf (Ei)~ei modulo 1 — T3. This leaves only cases (b) and (c). 

The statements concerning Stickf/ F (— 1) are now clear from Corollary 
4.7. Proof of the final claim follows from Lemma 4.4 (and Remark 4.3), 
since fcf(F)e = k 2 ( s (Ei)~ei = modulo 1 + r 3 , while k 2 s (E 2 )~e 2 = 
k S 2 {E 2 )~^. 
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Proposition 4.9 (The index of the higher Stickelberger ideal for a 
biquadratic extension). Assume that £ / F is biquadratic, and that the 
Birch-Tate conjecture holds for £ , F , and the intermediate fields. Then 

(TZ: Stickf /F (-l)) = \K 2 (Ol)\. 

Proof. By Proposition 3.14 

„ _ (Stickf /F (-l)<S : Stickf /F (-1)) 
(TZ : Stickf /F (-1)) = \K 2 (Ol)\ K - £/FK £/FK 

At the same time, Corollaries 4.2 and 4.7 give (Stickf/ F (— 1)S : Stickfy F (— 1)) 
25. 

Remark 4.10 (The index of the higher Stickelberger ideal for a 
quadratic extension). The result of Proposition 4.9 holds for a relative 
quadratic extension £/F as well. This follows from Proposition 1.3. Still it 
seems that factors of 2 may intervene in larger multi-quadratic extensions. 

V. Applications 
For easy reference, we first record some standard facts in a Lemma. 

Lemma 5.1. Suppose that E/F is a relative quadratic extension and that 
a and (3 lie in E x . Then 

1. E(y/a) = E(y/P) if and only if a (3 is a square in E. 

2. E(^/a)/F is a Galois extension if and only if the relative norm of a 
is a square in E. 

3. E( v ^a)/F is a biquadratic extension if and only if a is not a square 

in E and the relative norm of a is a square in F. 
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Proof. 

1. This follows from Kummer theory or an easy exercise. 

2. This follows from (1) upon taking f3 to be the conjugate of a over F. 

3. Suppose that the extension is biquadratic. Then E(y/a) = E(y/a) for 
some a G F. Apply (1) and take the norm. For the converse, let c 2 
be the norm of a. The automorphisms sending y/a to its conjugates 
±c/y/a both have order two, so cannot lie in a cyclic group. 

Proposition 5.2. Let F = Q and let E\ be a real quadratic field of 
discriminant d for which the prime divisors qj of d are not congruent to 
1 modulo 4- Let r be a positive, non-square integer which is a norm from 
Oe x , and whose prime divisors pi are also not congruent to 1 modulo 4- 
Assume further that rd is not a square. Let E% = Q(y/r), and let S contain 
{oo} U {(/i, q2, ■ ■ ■ } U {pi, pi, ■ ■ ■}, but no finite primes congruent to 1 
modulo 4. Then for £ = Q(Vd, y/r), we have K 2 (<D§) 1+Tl nK 2 (0§ ) 1+T3 ^ 

K 2 (o§y i+T ^ i+T 3\ 

Proof. Let a G Oe 1 have norm r. We claim that the element {— l,a}s G 
K 2 {OfY+^K 2 {OfY+^ = l £/E3 {K 2 {0^ 

K 2 (C|) (1+Tl)(1+T3) = l £/f (K 2 (O f )). (These equalities are seen in the 
proof of Lemma 4.4.) First, since a G Oe 1 and N(a) = r is an S- 
unit, a is also an S'-unit. Therefore {— 1,o\e 1 G K 2 (0 Ei ) and clearly 
{-l,a} £ = i £/El {-h<x}E 1 e i £/El {K 2 {O s Ei )). 

To see that {—l,a} £ G t £ / E3 (K 2 (0 E3 )), consider the extension £(y/a)/E$ 

The relative norm of a in £/E 3 is r, which is a square in E s . So this 
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extension is biquadratic by Lemma 5.1, and we have S(y/a) = £(y/]3) 
for some (3 G E%. Also by Lemma 5.1, a/3 is a square in £. It fol- 
lows that {-l,a} £ = {-1,P} £ = tg/B 3 ({-l, P}e 3 ) G l £/ e 3 (K 2 {0 Es )). 
Note that £(\f/3)/Q is unramified outside S U {2}, and this ensures that 
{—1,/3}e 3 G K 2 (E 3 ) actually lies in the S-tame kernel K 2 {0%) (see [16, 
Proposition 6.1]). 

Now we suppose that { — l,a\ £ G ^^(-ft^^ 5 )) and derive a contra- 
diction. Being of order 2, this element must be the image of an element 
of 2-power order in K 2 (Z S ). Our choice of S ensures that there are no 
elements of order 4 in K 2 {Z S ). For it follows from Tate's computation of 
K 2 (Q) (see [12, Section 11]) that K 2 (Z S ) = Z/2Z © ©^^(Z/pZ) x . 
Thus { — 1, a} £ must be the image of an element of order 2 in K 2 (Z S ), and 
such elements are of the form {—1, a}q for some a G Q, by [21, Theorem 
6.1]. We must have {— l,a}g = {— l,a}g, or {— l,a/a}£ = 1. In other 
words, a/ a is in the Tate kernel. For the totally real field £ , the Tate ker- 
nel is generated by (£ x ) 2 and an element n G £ for which y/n lies in the 
cyclotomic Z2-extension of Q (see [10, Proposition 2.4]). Hence a = an"™ 1 ^ 2 
for some integer m and element 7 G £. So £(\fa) C £(y/a, \f^), which is 
an abelian Galois extension of Q. Consequently, the subfield El{^/a) is 
also an abelian Galois extension of Q. On the other hand, the norm of a 
is r, which is not a square in Q. Furthermore, r is not a square in E\ for 
otherwise E\ = Q(y/r) and rd would be a square in Q by Lemma 5.1 (1) 
again. Then by Lemma 5.1 (2), E\{y/a) is not a Galois extension of Q, 
and this is a contradiction. 
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Corollary 5.3. Let r be a product of one or more distinct primes which 
are congruent to -1 modulo 8, or twice such a product. Let S contain oo, 
2, and the prime divisors of r, but no finite prime congruent to 1 modulo 
4. Then forF = Q and S = Q(v / 2, Vr), we have 

Stickf /F (-1) c Fitf /F (l), 

and the index is 1 or 2. 



Proof. This follows from Proposition 1.2, Proposition 5.2 and Proposition 
4.8. 
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